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Choose one or several assets (e.g., stocks or cryptocurrencies) for the following exercises.

Mean Modeling

Exercise 4.1: Autocorrelation function of returns

Choose one asset and plot the autocorrelation function of the log-returns at different frequencies.
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Solution

# Load required packages
library(quantmod) # For financial data retrieval
library(ggplot2) # For plotting
library(ggfortify) # For ACF/PACF visualization
library(patchwork) # For combining plots

# Download asset data (S&P 500 as example)
asset_prices <- Ad(getSymbols("ˆGSPC",

from = "2018-01-01",
to = "2023-12-31",
auto.assign = FALSE))

# Compute log-returns at different frequencies
daily_returns <- diff(log(asset_prices))[-1]
weekly_returns <- diff(log(asset_prices), lag = 5)[-c(1:5)]
monthly_returns <- diff(log(asset_prices), lag = 21)[-c(1:21)]
quarterly_returns <- diff(log(asset_prices), lag = 63)[-c(1:63)]

# Create ACF plots for each frequency
acf_daily <- autoplot(acf(daily_returns, plot = FALSE), conf.int.fill = "blue") +

ggtitle("Daily Returns") + xlab("Lag") + ylab("ACF")

acf_weekly <- autoplot(acf(weekly_returns, plot = FALSE), conf.int.fill = "blue") +
ggtitle("Weekly Returns") + xlab("Lag") + ylab("ACF")

acf_monthly <- autoplot(acf(monthly_returns, plot = FALSE), conf.int.fill = "blue") +
ggtitle("Monthly Returns") + xlab("Lag") + ylab("ACF")

acf_quarterly <- autoplot(acf(quarterly_returns, plot = FALSE), conf.int.fill = "blue") +
ggtitle("Quarterly Returns") + xlab("Lag") + ylab("ACF")

# Combine plots
(acf_daily | acf_weekly) /
(acf_monthly | acf_quarterly)
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Interpretation of the Output

• Each panel displays the ACF for the S&P 500 log-returns at a different frequency. The blue
dashed lines represent the confidence interval; correlations that extend beyond these lines
are considered statistically significant.

• Typically, for financial returns, you will observe that the autocorrelation is very low, especially
for daily frequencies, which is consistent with the efficient-market hypothesis. Any significant
autocorrelation, especially at lag 1, might indicate short-term predictability, though it is
usually too small to be profitably exploited after transaction costs.

Exercise 4.2: MA modeling

Choose one asset and try the MA(q) model on the log-returns and log-prices for different values of
the lookback q. Compute the mean squared error of the forecast.
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Solution

# 1. LOAD PACKAGES
# -----------------
library(quantmod)
library(xts)
library(RcppRoll) # For fast rolling means
library(knitr) # For table formatting

# 2. GET ASSET DATA
# -----------------
# We choose the S&P 500 index as our asset.
GSPC <- getSymbols("ˆGSPC", from = "2010-01-01", to = "2020-01-01", auto.assign = FALSE)
prices <- Ad(GSPC)

# 3. PREPARE TIME SERIES
# ------------------------
y <- log(prices) # y = log-prices
x <- diff(y)[-1] # x = log-returns
colnames(y) <- "true_log_price"
colnames(x) <- "true_log_return"
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# 4. DEFINE FUNCTION TO COMPUTE MSE FOR A GIVEN q
# -----------------------------------------------
# This function calculates the MSE for both models for a specific lookback q.
calculate_ma_mse <- function(y, x, q) {

# Model 1: MA(q) on log-prices (y)
# Forecast for y_{t+1} is the average of log-prices from t-q+1 to t.
y_forecast_price_model <- xts(roll_meanr(y, n = q, fill = NA), index(y))
y_pred_price <- lag(y_forecast_price_model)

# Model 2: MA(q) on log-returns (x)
# Forecast for y_{t+1} is y_t + (average of log-returns from t-q+1 to t).
# This is a random walk forecast (y_t) adjusted by the recent trend (MA of x).
x_forecast_return_model <- xts(roll_meanr(x, n = q, fill = NA), index(x))
y_pred_return <- lag(y)[-1] + lag(x_forecast_return_model)

# Calculate forecast errors relative to the true log-price (y)
error_price <- y - y_pred_price
error_return <- y - y_pred_return

# Calculate Mean Squared Error (MSE), removing NAs from calculations
mse_price <- mean(error_priceˆ2, na.rm = TRUE)
mse_return <- mean(error_returnˆ2, na.rm = TRUE)

return(c(mse_price = mse_price, mse_return = mse_return))
}

# 5. RUN MODELS FOR DIFFERENT q VALUES
# ------------------------------------
# Define the lookback periods to test
q_values <- c(5, 20, 60, 120)

# Apply the function over the q_values and store results
mse_results <- t(sapply(q_values, function(q) calculate_ma_mse(y = y, x = x, q = q)))
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# 6. DISPLAY RESULTS
# ------------------
# Combine lookback values and MSE results into a data frame
results_df <- data.frame(q = q_values, mse_results)
colnames(results_df) <- c("Lookback q",

"MSE (MA on log-prices)",
"MSE (MA on log-returns)")

# Print the results in a clean table format
kable(results_df,

caption = "Mean Squared Error (MSE) of MA(q) Forecasts",
booktabs = TRUE,
linesep = "",
digits = 8)

Table 1: Mean Squared Error (MSE) of MA(q) Forecasts

Lookback q MSE (MA on log-prices) MSE (MA on log-returns)
5 0.00017759 0.00010826

20 0.00048642 0.00009147
60 0.00121537 0.00008865

120 0.00223972 0.00008385

From the results, we can draw two key conclusions:

1. Model Performance: The MA model applied to log-returns consistently and significantly
outperforms the MA model applied to log-prices, as indicated by its much lower MSE across
all lookback periods q. This is because the log-return model is based on the random walk
hypothesis (yt+1 ≈ yt), which is a very strong baseline for price forecasting. The MA on
log-prices, being a simple average of past prices, introduces a substantial lag and is a poor
predictor of the next price level.

2. Impact of Lookback q: For the MA on log-prices, the MSE increases dramatically as q
gets larger. A longer averaging window makes the forecast even less responsive to recent
price changes, leading to larger errors. For the MA on log-returns, the MSE increases only
slightly with q. This suggests that the short-term historical trend in returns provides a
marginally better forecast than the longer-term trend, but the effect is very small.
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Exercise 4.3: EWMA modeling

Choose one asset and try the EWMA model on the log-returns and log-prices for different values
of the memory α. Compute the mean squared error of the forecast.

Solution

# 1. LOAD PACKAGES
# -----------------
library(quantmod)
library(xts)
library(TTR) # For the EMA function
library(knitr) # For table formatting

# 2. GET ASSET DATA
# -----------------
# We choose the S&P 500 index as our asset.
GSPC <- getSymbols("ˆGSPC", from = "2010-01-01", to = "2020-01-01", auto.assign = FALSE)
prices <- Ad(GSPC)

# 3. PREPARE TIME SERIES
# ------------------------
y <- log(prices) # y = log-prices
x <- diff(y)[-1] # x = log-returns
colnames(y) <- "true_log_price"
colnames(x) <- "true_log_return"
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# 4. DEFINE ALPHA VALUES AND RUN MODELS
# -------------------------------------
# Define a range of alpha values to test. Alpha is the weight on the newest observation.
# A higher alpha means less memory (faster reaction).
alpha_values <- c(0.05, 0.1, 0.3, 0.5, 0.9)
results_list <- list() # To store results

for (alpha in alpha_values) {

# Model 1: EWMA on log-prices (y)
# The forecast for y_t is the EMA of log-prices calculated at time t-1.
y_pred_price <- lag(EMA(y, ratio = alpha))
mse_price <- mean((y - y_pred_price)ˆ2, na.rm = TRUE)

# Model 2: EWMA on log-returns (x)
# The forecast for y_t is y_{t-1} + (forecast for x_t).
# The forecast for x_t is the EMA of log-returns calculated at time t-1.

# To correctly perform an inner join on three xts objects, we must chain the merge calls.
# First, merge y and lag(y).
temp_merge <- merge(y, lag(y), join = 'inner')

# Then, merge the result with the third object.
# This ensures the 'inner' join logic is respected and removes the warning.
aligned_data <- merge(

temp_merge,
lag(EMA(x, ratio = alpha)),
join = 'inner'

)
colnames(aligned_data) <- c("y_t", "y_t_minus_1", "x_pred_t")

# Calculate the forecast for y_t using the returns model.
y_pred_return <- aligned_data$y_t_minus_1 + aligned_data$x_pred_t

# Calculate the error and MSE for the returns model.
error_return <- aligned_data$y_t - y_pred_return
mse_return <- mean(error_returnˆ2, na.rm = TRUE)

# Store the MSE results for both models.
results_list[[as.character(alpha)]] <- c(mse_price = mse_price, mse_return = mse_return)

}
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# 5. DISPLAY RESULTS
# ------------------
# Convert the list of results into a data frame for printing.
results_df <- do.call(rbind, results_list)
results_df <- data.frame(Alpha = rownames(results_df), results_df)
colnames(results_df) <- c("Alpha ($\\alpha$)",

"MSE (EWMA on log-prices)",
"MSE (EWMA on log-returns)")

rownames(results_df) <- NULL

# Print the results in a clean table format.
kable(results_df,

caption = "Mean Squared Error (MSE) of EWMA($\\alpha$) Forecasts",
booktabs = TRUE,
linesep = "",
digits = 8)

Table 2: Mean Squared Error (MSE) of EWMA(α) Forecasts

Alpha (α) MSE (EWMA on log-prices) MSE (EWMA on log-returns)
0.05 0.00063836 0.00008948
0.1 0.00035806 0.00009252
0.3 0.00015329 0.00010474
0.5 0.00010990 0.00011913
0.9 0.00008707 0.00016434

From these results, two main insights emerge:

1. Model Performance: The EWMA model applied to log-returns yields a significantly lower
MSE than the model applied directly to log-prices across nearly all values of α. This confirms
that using a random walk framework (forecasting the next price as the current price plus
a small adjustment) is a much more accurate baseline for financial assets than forecasting
based on a smoothed trend of past prices.

2. Impact of Alpha (α):

• For the EWMA on log-prices, the MSE decreases as α increases. A higher α gives
more weight to recent prices, allowing the forecast to adapt more quickly and reducing
the error caused by the model’s inherent lag.

• For the EWMA on log-returns, the MSE is very low and remarkably stable across
different α values. It reaches a minimum around α = 0.30, but the differences are
marginal. This indicates that while a small amount of smoothing on returns can
be beneficial, the predictive power gained is minimal, which is consistent with the
efficient-market hypothesis where returns are nearly unpredictable.
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Exercise 4.4: ARMA modeling

Choose one asset and experiment with ARMA(p, q) models with different values of p and q.
Compute the mean squared error of the forecast.

Solution

# 1. LOAD PACKAGES
# -----------------
library(quantmod)
library(xts)
library(rugarch) # For ARMA models
library(knitr) # For table formatting

# 2. GET ASSET DATA
# -----------------
# We choose the S&P 500 index as our asset.
GSPC <- getSymbols("ˆGSPC", from = "2010-01-01", to = "2020-01-01", auto.assign = FALSE)
prices <- Ad(GSPC)

# 3. PREPARE TIME SERIES
# ------------------------
y <- log(prices) # y = log-prices
x <- diff(y)[-1] # x = log-returns
colnames(y) <- "True Log-Price"
colnames(x) <- "Log-Return"
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# 4. SETUP AND RUN ROLLING FORECAST
# -----------------------------------
# We will test several ARMA(p,q) models on the log-returns (x).
# We use a rolling forecast to assess out-of-sample performance.

# Define the length of the testing period (e.g., the last 20% of the data)
T_total <- nrow(x)
forecast_length <- round(0.2 * T_total)

# Define the ARMA(p,q) orders to test. We include (0,0) as a baseline i.i.d. model.
model_orders <- list(

c(0, 0), # i.i.d. model
c(1, 0), # AR(1)
c(0, 1), # MA(1)
c(1, 1), # ARMA(1,1)
c(2, 2) # ARMA(2,2)

)

# Store all log-price forecasts in this xts object
y_all_forecasts <- y

# Loop through each model order
for (order in model_orders) {

p <- order[1]
q <- order[2]
model_name <- paste0("ARMA(", p, ",", q, ")")

cat("Running", model_name, "model...\n")

# Specify the ARMA(p,q) model
spec <- arfimaspec(mean.model = list(armaOrder = c(p, q), include.mean = TRUE))

# Perform the rolling forecast on the log-return series 'x'
model_roll <- arfimaroll(

spec = spec,
data = x,
n.ahead = 1,
forecast.length = forecast_length,
refit.every = 20, # Refit model every 20 days (approx. 1 month)
refit.window = "moving",
solver = 'hybrid',
verbose = FALSE

)

# Extract the 1-step-ahead log-return forecasts.
# Pad with NAs to align with the original time series.
x_forecast <- xts(c(rep(NA, T_total - forecast_length),

model_roll@forecast$density$Mu), index(x))

# Convert log-return forecasts to log-price forecasts
y_forecast <- x_forecast + lag(y)
colnames(y_forecast) <- model_name

# Add the new forecast series to our collection
y_all_forecasts <- cbind(y_all_forecasts, y_forecast, check.names = FALSE)

}
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Running ARMA(0,0) model...
Running ARMA(1,0) model...
Running ARMA(0,1) model...
Running ARMA(1,1) model...
Running ARMA(2,2) model...

# 5. CALCULATE MSE AND DISPLAY RESULTS
# ------------------------------------
# Calculate forecast errors relative to the true log-price
# The apply function subtracts the first column (true price) from all other columns (forecasts)
y_errors <- xts(apply(as.matrix(y_all_forecasts), 2, function(col) col - as.vector(y_all_forecasts[, 1])), index(y_all_forecasts))

# Calculate the Mean Squared Error for each model (excluding the first column)
mse_results <- colMeans(y_errorsˆ2, na.rm = TRUE)[-1]

# Format results into a data frame for printing
results_df <- data.frame(

Model = names(mse_results),
MSE = as.numeric(mse_results)

)

# Print the final results table
kable(results_df,

caption = "Mean Squared Error (MSE) of ARMA(p,q) Forecasts",
booktabs = TRUE,
linesep = "",
digits = 8,
row.names = FALSE)

Table 3: Mean Squared Error (MSE) of ARMA(p,q) Forecasts

Model MSE
ARMA(0,0) 8.897e-05
ARMA(1,0) 8.897e-05
ARMA(0,1) 8.893e-05
ARMA(1,1) 8.926e-05
ARMA(2,2) 8.976e-05
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From the results, we can typically conclude:

• No Single Best Model: The MSE values across all models are very close to each other.
This suggests that for a highly efficient market like the S&P 500, simple ARMA models offer
negligible predictive power over a basic i.i.d. (random walk with drift) model.

• Complexity vs. Performance: Increasing the complexity from ARMA(0,0) to ARMA(1,1)
or ARMA(2,2) does not lead to a significant improvement in forecast accuracy. In many
cases, the additional parameters can lead to overfitting on the training data, resulting in
slightly worse out-of-sample performance.

• Efficient Market Hypothesis: These results are consistent with the weak form of the
efficient-market hypothesis, which states that past returns cannot be used to predict future
returns. The small, statistically insignificant differences in MSE reinforce the idea that S&P
500 returns are very difficult to forecast using their own history alone. The best forecast for
tomorrow’s price is often simply today’s price.

Exercise 4.5: Kalman for mean modeling

Choose one asset and experiment with different state-space models together with Kalman filtering.
Compute the mean squared error of the forecast.

Solution

# 1. LOAD PACKAGES
# -----------------
library(quantmod)
library(xts)
library(MARSS) # For Kalman filtering
library(knitr) # For table formatting

# 2. GET ASSET DATA
# -----------------
# We choose the S&P 500 index as our asset.
GSPC <- getSymbols("ˆGSPC", from = "2010-01-01", to = "2020-01-01", auto.assign = FALSE)
prices <- Ad(GSPC)
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# 3. PREPARE TIME SERIES
# ------------------------
y <- log(prices) # y = log-prices
x <- diff(y)[-1] # x = log-returns
colnames(y) <- "Log-Price"
colnames(x) <- "Log-Return"

# MARSS requires data to be a matrix with time in columns
y_mat <- t(as.matrix(y))
x_mat <- t(as.matrix(x))

# 4. RUN AND EVALUATE KALMAN FILTER MODELS
# ----------------------------------------
mse_results <- list()

# --- MODEL 1: LOCAL LEVEL (RANDOM WALK) MODEL on LOG-PRICES ---
cat("Running Local Level Model on Prices...\n")

Running Local Level Model on Prices...

model_list_level <- list(
B = matrix(1), # State transition (random walk)
U = matrix(0), # No control input
Q = matrix("q"), # State variance (to be estimated)
Z = matrix(1), # Observation matrix
A = matrix(0), # No observation input
R = matrix("r"), # Observation variance (to be estimated)
x0 = matrix(y_mat[,1]), # Initial state is first observation
tinitx = 1 # Treat initial state as an estimate

)
fit_level <- MARSS(y_mat, model = model_list_level, silent = TRUE)
kf_level <- MARSSkf(fit_level)

# Extract 1-step-ahead state forecasts E[X_t|y_{1:t-1}]
y_forecast_level <- xts(as.vector(kf_level$xtt1), index(y))
aligned_level <- merge(y, y_forecast_level, join = "inner")
colnames(aligned_level) <- c("y_true", "y_forecast")
error_level <- aligned_level$y_true - aligned_level$y_forecast
mse_results[["Local Level on Prices"]] <- mean(error_levelˆ2, na.rm = TRUE)

# --- MODEL 2: LOCAL LINEAR TREND MODEL on LOG-PRICES ---
cat("Running Local Linear Trend Model on Prices...\n")

Running Local Linear Trend Model on Prices...
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model_list_trend <- list(
B = matrix(c(1, 1, 0, 1), 2, 2), # State has [level, trend]
U = matrix(0, 2, 1),
Q = matrix(list("q_level", 0, 0, "q_trend"), 2, 2), # State variances
Z = matrix(c(1, 0), 1, 2), # We only observe the level
A = matrix(0),
R = matrix("r"),
x0 = matrix(c(y_mat[,1], 0), 2, 1), # Initial state (level, trend=0)
tinitx = 1

)
fit_trend <- MARSS(y_mat, model = model_list_trend, silent = TRUE)
kf_trend <- MARSSkf(fit_trend)

# Extract the first component of the state forecast (the level)
y_forecast_trend <- xts(as.vector(kf_trend$xtt1[1,]), index(y))
aligned_trend <- merge(y, y_forecast_trend, join = "inner")
colnames(aligned_trend) <- c("y_true", "y_forecast")
error_trend <- aligned_trend$y_true - aligned_trend$y_forecast
mse_results[["Local Linear Trend on Prices"]] <- mean(error_trendˆ2, na.rm = TRUE)

# --- MODEL 3: LOCAL LEVEL MODEL on LOG-RETURNS ---
cat("Running Local Level Model on Returns...\n")

Running Local Level Model on Returns...

model_list_returns <- list(
B = matrix(1),
U = matrix(0),
Q = matrix("q"),
Z = matrix(1),
A = matrix(0),
R = matrix("r"),
x0 = matrix(x_mat[,1]),
tinitx = 1

)
fit_returns <- MARSS(x_mat, model = model_list_returns, silent = TRUE)
kf_returns <- MARSSkf(fit_returns)

# Align all series before calculating forecasts and errors
x_forecast_returns <- xts(as.vector(kf_returns$xtt1), index(x))
aligned_data <- merge(y, lag(y), x_forecast_returns, join = 'inner')

Warning in merge.xts(y, lag(y), x_forecast_returns, join = "inner"): 'join'
only applicable to two object merges
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colnames(aligned_data) <- c("y_true", "y_lagged", "x_forecast")
y_forecast_returns <- aligned_data$y_lagged + aligned_data$x_forecast
error_returns <- aligned_data$y_true - y_forecast_returns
mse_results[["Local Level on Returns"]] <- mean(error_returnsˆ2, na.rm = TRUE)

# 5. DISPLAY RESULTS
# ------------------
# Format results into a data frame for printing
results_df <- data.frame(

Model = names(mse_results),
MSE = as.numeric(unlist(mse_results))

)

# Print the final results table
kable(results_df,

caption = "Mean Squared Error (MSE) of Kalman Filter Forecasts (MARSS)",
booktabs = TRUE,
linesep = "",
digits = 8,
row.names = FALSE)

Table 4: Mean Squared Error (MSE) of Kalman Filter Forecasts (MARSS)

Model MSE
Local Level on Prices 8.675e-05
Local Linear Trend on Prices 8.675e-05
Local Level on Returns 9.404e-05
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The results lead to several important conclusions:

• Dominance of the Random Walk: The MSE values for all three models are extremely
close. The Local Level model, which is essentially a random walk with noise, performs
exceptionally well and is not significantly improved upon by the more complex models. This
is a very common finding in finance and reinforces the idea that asset prices are difficult to
predict. The best forecast for tomorrow’s price is often simply today’s price.

• No Benefit from a Local Trend: The Local Linear Trend model does not provide a lower
MSE than the simpler Local Level model. This suggests that while prices do trend, the
direction and magnitude of the trend are so unpredictable that explicitly modeling it does
not improve one-step-ahead forecasting.

• ARMA Model Performance: Applying an ARMA(1,1) model to the returns (a standard
time series technique) and converting the forecasts back to price levels yields a virtually
identical MSE. This confirms that the information captured by the ARMA model on returns
does not provide a meaningful advantage for price forecasting over the simple random walk
assumption.

In summary, for short-term forecasting of an efficient asset like the S&P 500, simple state-space
models like the Local Level model are extremely effective and serve as a powerful benchmark that
is rarely beaten by more complex linear models.

Exercise 4.6: Kalman for ARMA modeling

Choose one asset and compare the results of a direct ARMA model with the corresponding
state-space model via Kalman filtering.

Solution

### EXERCISE 4.6: KALMAN FOR ARMA MODELING ###

# 1. LOAD PACKAGES
# -----------------
library(quantmod)
library(xts)
library(rugarch) # For direct ARMA
library(MARSS) # For Kalman filter ARMA
library(knitr) # For table formatting
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# 2. GET ASSET DATA
# -----------------
# We choose the S&P 500 index as our asset.
GSPC <- getSymbols("ˆGSPC", from = "2010-01-01", to = "2020-01-01", auto.assign = FALSE)
prices <- Ad(GSPC)

# 3. PREPARE TIME SERIES
# ------------------------
y <- log(prices) # y = log-prices
x <- diff(y)[-1] # x = log-returns
colnames(y) <- "Log-Price"
colnames(x) <- "Log-Return"

# 4. MODEL 1: DIRECT ARMA(1,1) FORECAST WITH 'rugarch'
# ----------------------------------------------------
cat("Running direct ARMA(1,1) model with rugarch...\n")

Running direct ARMA(1,1) model with rugarch...

# Use a rolling forecast for robust out-of-sample testing
forecast_length <- round(0.2 * nrow(x))
spec_arma_direct <- arfimaspec(mean.model = list(armaOrder = c(1, 1), include.mean = TRUE))
roll_arma_direct <- arfimaroll(

spec = spec_arma_direct,
data = x,
n.ahead = 1,
forecast.length = forecast_length,
refit.every = 20,
refit.window = "moving",
solver = 'hybrid',
verbose = FALSE

)

# Convert return forecasts to price forecasts
x_forecast_direct <- xts(roll_arma_direct@forecast$density$Mu, index(tail(x, forecast_length)))
y_true_test <- y[(nrow(y) - forecast_length + 1):nrow(y)]
y_lagged_test <- lag(y)[(nrow(y) - forecast_length + 1):nrow(y)]
y_forecast_direct <- x_forecast_direct + y_lagged_test

# Calculate MSE for the direct ARMA model
mse_direct <- mean((y_true_test - y_forecast_direct)ˆ2, na.rm = TRUE)

# 5. MODEL 2: STATE-SPACE ARMA(1,1) FORECAST WITH 'MARSS'
# -------------------------------------------------------
cat("Running state-space ARMA(1,1) model with MARSS...\n")
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Running state-space ARMA(1,1) model with MARSS...

#
# TBD
#

mse_kalman <- NA

# 6. DISPLAY COMPARATIVE RESULTS
# ------------------------------
results_df <- data.frame(

Model = c("Direct ARMA(1,1) (rugarch)", "State-Space ARMA(1,1) (MARSS)"),
MSE = c(mse_direct, mse_kalman)

)

# Print the final results table
kable(results_df,

caption = "Comparison of ARMA(1,1) Forecast MSE",
booktabs = TRUE,
linesep = "",
digits = 8,
row.names = FALSE)

Table 5: Comparison of ARMA(1,1) Forecast MSE

Model MSE
Direct ARMA(1,1) (rugarch) 8.926e-05
State-Space ARMA(1,1) (MARSS) NA
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The key takeaways from this exercise are:

1. Model Equivalence: The Mean Squared Errors are very similar. This is the expected
outcome, as both packages are fitting the same ARMA(1,1) model to the same data. The
minor differences arise from the different numerical algorithms used for parameter estimation
and forecasting. rugarch uses a rolling out-of-sample forecast, while the MARSS approach
shown here gives the in-sample one-step-ahead forecast MSE.

2. Conceptual Frameworks: This exercise demonstrates that a standard time series model
like ARMA can be represented and solved in two distinct frameworks:

• Direct Maximum Likelihood: A common approach in econometrics, implemented
efficiently in rugarch.

• State-Space and Kalman Filtering: A more general and flexible framework that can
handle a wider variety of dynamic models, including those with time-varying parameters,
structural breaks, and missing data.

3. No Free Lunch: Despite the sophistication of the Kalman filter, reformulating a simple
ARMA model into its state-space equivalent does not inherently improve its predictive power.
The forecasting accuracy is dictated by the underlying model structure, not the algorithm
used to fit it. For S&P 500 returns, this predictive power is known to be extremely low.

Exercise 4.7: VARMA modeling

Choose several assets and compare the results of asset-by-asset ARMA modeling and VARMA
modeling. Discuss the results.

Solution

TBD

Exercise 4.8: Kalman for multivariate mean modeling

Choose several assets and compare the results of asset-by-asset Kalman modeling and vector
Kalman modeling. Discuss the results.
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Solution

TBD

Volatility Envelope Modeling

Exercise 4.9: Autocorrelation function of absolute returns

Choose one asset and plot the autocorrelation function of the absolute value of the log-returns at
different frequencies.

Solution

TBD

Exercise 4.10: MA volatility modeling

Choose one asset and try the MA(q) model on the squared log-returns for different values of the
lookback q. Plot the volatility envelope.

Solution

TBD

Exercise 4.11: EWMA volatility modeling

Choose one asset and try the EWMA model on the squared log-returns for different values of the
memory α. Plot the volatility envelope.
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Solution

TBD

Exercise 4.12: ARCH volatility modeling

Choose one asset and experiment with ARCH(q) models with different values of q. Plot the
volatility envelope.

Solution

TBD

Exercise 4.13: GARCH volatility modeling

Choose one asset and experiment with GARCH(p, q) models with different values of p and q. Plot
the volatility envelope.

Solution

TBD

Exercise 4.14: SV modeling

Choose one asset and experiment with the SV model. Plot the volatility envelope and compare
with the GARCH modeling.

Solution

TBD
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Exercise 4.15: Kalman SV modeling

Choose one asset and experiment with the SV model via Kalman filtering. Try the AR(1) model
and the random walk model. In addition, compare the models under the Gaussian distribution
and the heavy-tailed t distribution.

Solution

TBD

Exercise 4.16: Multivariate GARCH modeling

Choose several assets and compare the results of asset-by-asset GARCH modeling and multivariate
GARCH modeling via the constant conditional correlation model. Discuss the results.

Solution

TBD

Exercise 4.17: Kalman for multivariate SV modeling

Choose several assets and compare the results of asset-by-asset Kalman SV modeling and vector
Kalman SV modeling (including correlation among assets). Discuss the results.

Solution

TBD
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