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Exercise B.1: Euclidean norm approximation

Randomly generate the parameters A € R'19%% and b € R'°.

Formulate a regression problem to approximate Ax =~ b based on the f3-norm.
Solve it directly with the least squares closed-form solution.

Solve it using a modeling framework (e.g., CVX).

Solve it invoking a QP solver.

TBD
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Exercise B.2: Manhattan norm approximation

a. Randomly generate the parameters A € R'°%% and b € R1°.
b. Formulate a regression problem to approximate Ax = b based on the ¢;-norm.
c. Solve it using a modeling framework (e.g., CVX).
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d. Rewrite it as an LP and solve it invoking an LP solver.
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. Randomly generate the parameters A € R'°%5 and b € R0,

. Formulate a regression problem to approximate Ax =~ b based on the {,,-norm.
. Solve it using a modeling framework (e.g., CVX).

. Rewrite it as an LP and solve it invoking an LP solver.
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Consider the following LP:

maximize 3x1 + To
T1,T2

subject to x7 + 2zo < 4,
41 + 229 < 12,
z1,w2 > 0.

Solve it using a modeling framework (e.g., CVX).

Solve it by directly invoking an LP solver.

Solve it by invoking a general-purpose nonlinear solver.

Implement the projected gradient method to solve the problem.

Implement the constrained Newton’s method to solve the problem.

Implement the log-barrier interior-point method to solve the problem (use (1,1) as the initial
point).

g. Compare all the solutions and the computation time.
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TBD

Formulate the log-barrier problem corresponding to the LP in Exercise B.4 and plot the central
path as the parameter ¢ varies.

TBD

Design a phase I method to find a feasible point for the LP in Exercise B.4, which can then be
used as the starting point for the barrier method.

TBD

Formulate the dual problem corresponding to the LP in Exercise B.4 and solve it using a solver of
your choice.

TBD




Write down the Karush-Kuhn-Tucker (KKT) conditions for the LP in Exercise B.4 and discuss
their role in determining the optimality of a solution.
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Consider the following QP:

maximize % + 3
T1,T2

subject to x1 + a2 =1,
z1 20,22 > 0.

Solve it using a modeling framework (e.g., CVX).

Solve it by directly invoking a QP solver.

Solve it by invoking a general-purpose nonlinear solver.

Implement the projected gradient method to solve the problem.

Implement the constrained Newton’s method to solve the problem.

Tmplement the log-barrier interior-point method to solve the problem (use (0.5,0.5) as the
initial point).

g. Compare all the solutions and the computation time.
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Consider the following fractional program:

o w'l
maximize ————
w VwTZw

subject to 1Tw =1, w >0,

where X = 0.




Solve it with a general-purpose nonlinear solver.

Solve it via bisection.

Solve it via the Dinkelbach method as a sequence of SOCPs.

Develop a modified algorithm that solves the problem as a sequence of QPs instead.

Solve it via the Schaible transform method.

Reformulate the problem as a minimization and then solve it via the Schaible transform
method.

g. Compare all the previous approaches in terms of the accuracy of the solution and the
computation time.

TBD
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Exercise B.11: Soft-thresholding operator
Consider the following convex optimization problem:

minimize tllaz — bl|3 + Az,
with A > 0. Derive the solution and show that it can be written as

1
T = mcg)\ (aTb) s

where Sy () is the so-called soft-thresholding operator defined as
Sx(u) = sign(u)(Jul = N7,

with sign(-) denoting the sign function and (-)* = max(0, -).

There are three possible options for the optimal solution:

« x> 0: the objective (ignoring a constant term) becomes 1||al|32? — a"bzx + Az and setting
the derivative to zero leads to 1
xTr =
a3

(aTb — )x)

which implies a"b > X\ > 0;

o x < 0: the objective (ignoring a constant term) becomes 1||a||32? — a"bx — Az and setting




the derivative to zero leads to 1

xTr =
a3

(ad+ )

which implies a™d < —\ < 0;

e x = 0: this is the last possible case, which can only happen when a'b € [\, )] or,
equivalently, |aTb| < \.

The solution can be written as

Lsign (a™d) (|la"b| — )\)+ )

xr =
lall3
where
+1 u>0,
sign(u) = 0 u=0,
-1 u<0

is the sign function and (-)™ = max(0, -). This can be written more compactly as

1
T = mé‘)\ (aTb) s

where S, () is the soft-thresholding operator.

Exercise B.12: /5—¢;-norm minimization

Consider the following £,—¢;-norm minimization problem (with A € R!%*5 and b € R!? randomly
generated):
minimize 1| Az — b3 + A|z|:.
T

a. Solve it using a modeling framework (e.g., CVX).

b. Rewrite the problem as a QP and solve it by invoking a QP solver.
c¢. Solve it with an ad hoc LASSO solver.

First, let’s generate the data:




# Generate data
set.seed(42)

Imd <- 2
m <- 500
n <- 100

A <- matrix(rnorm(m#*n), m, n)
X_true <- rnorm(n)
b <- A %*% x_true + 0.1*rnorm(m)

a. Solution via CVX:

library(CVXR)

# Get optimal value via CVX

x <- Variable(n)

prob <- Problem(Minimize(0.5*cvxr_norm(A %*% x - b, 2)°2 + lmd*cvxr_norm(x, 1)))
res <- solve(prob)

x_cvx <- res$getValue(x)

opt_value <- res$value

print (opt_value)

[1] 156.1089

# Alternatively, the optimal value is:
print (0.5*xsum((A %*% x_cvx - b)~2) + lmd*sum(abs(x_cvx)))
[1] 156.1089

b. Solution via QP solver. First, we rewrite the problem as

minimize 1z' ATAz — b" Az + \||z||;
x

and then
minirilize % TATAz —b" Az + \17¢
x,
subject to —t<ax <t
library(CVXR)

# Get optimal value as a QP via CVX

x <- Variable(n)

t <- Variable(n)

prob <- Problem(Minimize(O.5*cvxr_norm(A %x*% x, 2)°2 - t(b) %*% A %*) x + lmd*sum(t)),
constraints = list(-t <= x, x <= t))

res <- solve(prob)

x_QP_cvx <- res$getValue(x)

# Sanity check:
print (0.5*sum((A %*% x_QP_cvx - b)~2) + lmd*sum(abs(x_QP_cvx)))



[1] 156.1108

library(quadprog)

# Get optimal value as a QP via quadprog (z = [x; t])
P <- matrix(0, 2*n, 2*n)
P[1:n, 1:n] <- t(A) %*% A # The quadratic term coefficient

q <= c(t(A) %*% b, rep(lmd, n)) # The linear term coefficients

# Constraint matrices for -t <= x <= t
A_constraint <- rbind(

cbind(diag(n), -diag(n)),
cbind(-diag(n), -diag(n))

)

b_constraint <- rep(0, 2#n)

# Solve problem
<- solve.QP(
P + diag(1e-8, nrow(P)),

result
Dmat
dvec
Amat
bvec

= @l

t(-A_constraint),
b_constraint,

#x -t <=0
# -x -t <=0

# Transpose and negate due to quadprog convention

meq = 0 # No equality constraints

# Extract the solution

z QP <- result$solution
x_QP <- z_QP[1:n]

t_QP <- z_QP[(n+1):(2%n)]

# Sanity check:
print (0.5*sum((A %*% x_QP - b)~2) + lmd*sum(abs(x_QP)))

[1] 156.603

c. Solution via ad hoc LASSO solver:



library(glmnet)
# Perform LASSO regression (alpha=1 specifies LASSO, i.e., L1 penalty)
lasso_model <- glmnet(A, b, alpha = 1, lambda = 1lmd / m,

standardize = FALSE, intercept = FALSE)

# Extract the solution
x_lasso <- as.vector(coef(lasso_model)) [-1] # remove intercept

# Sanity check:
print (0.5*xsum((A %*% x_lasso - b)"2) + lmd*sum(abs(x_lasso)))

[1] 156.1091

Exercise B.13: BCD for /5—¢1-norm minimization

Solve the ¢3—¢1-norm minimization problem in Exercise B.12 via BCD. Plot the convergence
vs. iterations and CPU time.

We will use BCD by dividing the variable into each constituent element @ = (z1,...,z,). Therefore,
the sequence of problems at each iteration k = 0,1,2,... for each element i = 1,...,n is

min:iclinize 3 @iz — 5?”; + Az,

ik A k41 ok
where b £ b — Zj<iajxj - Zj>i a;y.

This leads to the following iterative algorithm for £ = 0,1,2,...

1 = .
_'1/‘?_'—1: 28}\ (a‘{bf), Z:].,...,n,
lla:ll3

where Sy (-) is the soft-thresholding operator defined as
Sx(u) = sign(u)(ful = A)*. (1)

Convergence of BCD for the ¢5—¢;-norm minimization:




library(microbenchmark)

# Set up

set.seed(42)

x0 <~ rnorm(n)

soft_thresholding <- function(u, 1md) sign(u)*pmax(0, abs(u) - 1lmd)
num_times <- 10L # to compute the cpu time

# Solve problem via BCD
x <= x0
cpu_time <- microbenchmark ({
a2 <- apply(A, 2, function(x) sum(x"2)) # initial overhead

}, unit = "microseconds", times = num_times)$time |> median()
df <- data.frame(
ngen = O,
"cpu time k" = cpu_time,
"gap" = 0.5*%sum((A %*% x - b)"2) + lmd*sum(abs(x)) - opt_value,

"method" = "BCD",
check.names = FALSE
)
for (k in 1:50) {
cpu_time <- microbenchmark ({
X_new <- X
for (i in 1:n) {
b_<- b - A[, -i] %*% x_new[-i]
x_new[i] <- soft_thresholding(t(A[, il) %*% b_, 1md)/a2[i]
}
}, unit = "microseconds", times = num_times)$time |> median()
x <- xX_new

df <- rbind(df, list(

piEs = k,
"cpu time k" = cpu_time,

"gap" = 0.5*sum((A %*% x - b)"2) + lmd*sum(abs(x)) - opt_value,
"method" = "BCD")

)
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Plot convergence:
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library(ggplot2)
library(dplyr)
library(scales)

# Compute cumulative CPU time over iterations

df <- d4df |>
group_by (method) |>
mutate("CPU time [ms]" = cumsum( cpu time k™ )/1e6) |[>
ungroup ()

# Plots

daf >

ggplot(aes(x = k, y = gap, color = method)) +

geom_line(linewidth = 1.2) +

scale_y_loglO(breaks = trans_breaks("logl0", function(x) 10°x),
labels = trans_format("logl0", math_format(10~.x))) +

ggtitle("Optimality gap vs. iterations")

Optimality gap vs. iterations
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method)) +

ggplot(aes(x = “CPU time [ms]”, y = gap, color
geom_line(linewidth = 1.2) +
scale_y_loglO(breaks = trans_breaks("logl0", function(x) 10°x),

labels = trans_format("logl0", math_format(10~.x))) +
ggtitle("Optimality gap vs. CPU time")
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Optimality gap vs. CPU time
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Exercise B.14: MM for /5—¢;-norm minimization

Solve the f5—¢1-norm minimization problem in Exercise B.12 via MM and its accelerated version.
Plot the convergence vs. iterations and CPU time.

We can develop a simple iterative algorithm based on MM that leverages the element-by-element
closed-form solution. One possible majorizer of the objective function f(x) is

K
u (; azk) = §||a: — Z"||2 + |||, + constant,

where ¥ = % — LAT (Az* —b).
Therefore, the sequence of majorized problems to be solved for £ =0,1,2,... is

L 112

minimize Elle - mkHZ + A1,
which decouples into each component of @ with closed-form solution given by the soft-thresholding
operator.

This finally leads to the following MM iterative algorithm:

$k+128)\/,§(55k), k:071727"'7
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where Sy /. (+) is the soft-thresholding operator.
Convergence of MM for the ¢5—¢1-norm minimization:
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# Set up

set.seed(42)

x0 <- rnorm(n)

soft_thresholding <- function(u, 1md) sign(u)*pmax(0, abs(u) - 1md)
num_times <- 10L # to compute the cpu time

# Solve problem via MM
x <= x0
cpu_time <- microbenchmark ({
Atb <- t(A) %*) b
AtA <= t(A) %*) A
#kappa <- 1.1 * max(eigen(AtA)$values)
u <- x0; for (i in 1:20) u <- AtA Y*J u # power iteration method
kappa <- 1.1 * as.numeric(t(u) %*} AtA %x% u / sum(u~2))
}, unit = "microseconds", times = num_times)$time |> median()
df <- rbind(df, list(
"k" =0,
"cpu time k" = cpu_time,
"CPU time [ms]" NA,
"gap" 0.5*xsum((A %*% x - b)"2) + lmd*sum(abs(x)) - opt_value,
"method" = "MM")
)
for (k in 1:50) {
cpu_time <- microbenchmark ({
x_new <- soft_thresholding(x - (AtA %+’ x - Atb)/kappa, lmd/kappa)
}, unit = "microseconds", times = num_times)$time |> median()
X <- X_new

df <- rbind(df, list(

'Y = k,

"cpu time k" = cpu_time,

"CPU time [ms]" = NA,

"gap" = 0.5*xsum((A %*% x - b)"2) + lmd*sum(abs(x)) - opt_value,
"method" = "MM")

)

# Accelerated MM
x <= x0
cpu_time <- microbenchmark ({
Atb <- t(A) %*% b
AtA <= t(A) %x) A
#kappa <- 1.1 * max(eigen(AtA)$values)
u <- x0; for (i in 1:20) u <- AtA Y*J u # power iteration method
kappa <- 1.1 * as.numeric(t(u) %*} AtA %x% u / sum(u~2))

}, unit = "microseconds", times = num_times)$time |> median()
df <- rbind(df, list(
"k" =0, 14
"cpu time k" = cpu_time,
"CPU time [ms]" = NA,
"gap" = 0.5*xsum((A %*% x - b)"2) + Ilmd*sum(abs(x)) - opt_value,
"method" = "Acc-MM")
)

for (k in 1:50) {
cpu_time <- microbenchmark ({
MM_x <- soft_thresholding(x - (AtA %x*J, x - Atb)/kappa, lmd/kappa)



Plot convergence:
library(ggplot2)
library(dplyr)

library(scales)

# Compute cumulative CPU time over iterations

df <- df [>
group_by (method) |>
mutate ("CPU time [ms]" = cumsum( cpu time k™ )/1e6) |[>
ungroup ()

# Plots

daf >

ggplot(aes(x = k, y = gap, color = method)) +

geom_line(linewidth = 1.2) +

scale_y_loglO(breaks = trans_breaks("logl0", function(x) 10°x),
labels = trans_format("logl0", math_format(10~.x))) +

ggtitle("Optimality gap vs. iterations")

Optimality gap vs. iterations
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ggplot(aes(x = “CPU time [ms]™, y = gap, color = method)) +

geom_line(linewidth = 1.2) +

scale_y_loglO(breaks = trans_breaks("logl0", function(x) 107x),
labels = trans_format("logl0", math_format(10~.x))) +

x1im(c(3, 10)) +

ggtitle("Optimality gap vs. CPU time")
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Warning: Removed 87 rows containing missing values or values outside the scale range
("geom_line()”).

Optimality gap vs. CPU time
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Exercise B.15: SCA for /5—¢;-norm minimization

Solve the f5—f1-norm minimization problem in Exercise B.12 via SCA. Plot the convergence
vs. iterations and CPU time.

We will now develop a simple iterative algorithm based on SCA that leverages the element-by-
element closed-form solution. We can use parallel SCA by partitioning the variable & into each
element (z1,...,x,) and employing the surrogate functions

1 -
f (i a®) = 5 ||aiz: — bf”; + Alzi] + % (zi — xf)g,

where b¥ =b— Y a;ak.
Therefore, the sequence of surrogate problems to be solved for k =0,1,2,... is

minimmize % Haixi — BfHZ + M|+ 7 (ml — :z:f)2 , i=1,...,n,

with the solution given by the soft-thresholding operator.
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This finally leads to the following SCA iterative algorithm:

B s, (alBt + rat)

! 7+ [la:||? i=1,....,n, k=0,1,2,...

K+l _ ok |k (aktl K
it =2 4R (87T - 2y)

where Sy (+) is the soft-thresholding operator.
Convergence of SCA for the fo—¢1-norm minimization:
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# Set up

set.seed(42)

x0 <- rnorm(n)

soft_thresholding <- function(u, 1md) sign(u)*pmax(0, abs(u) - 1md)
num_times <- 10L # to compute the cpu time

# Solve problem via SCA
tau <- le-6

eps <- 0.01
gamma <- 1
x <- x0

cpu_time <- microbenchmark ({
Atb <= t(A) %*) b
AtA <= t(A) %*% A
tau_plus_a2 <- tau + diag(AtA)

}, unit = "microseconds", times = num_times)$time |> median()
df <- rbind(df, list(
" =0
"cpu time k" = cpu_time,
"CPU time [ms]" = NA,
"gap" = 0.5*xsum((A %*% x - b)"2) + Ilmd*sum(abs(x)) - opt_value,

"method" = "SCA")
)
for (k in 1:50) {

cpu_time <- microbenchmark ({
x_hat <- soft_thresholding(x - (AtA %#% x - Atb)/tau_plus_a2, 1lmd/tau_plus_a2)
x_new <- gamma*x_hat + (1 - gamma)*x
}, unit = "microseconds", times = num_times)$time |> median()

x <- xX_new

gamma <- gamma * (1 - eps*gamma)

df <- rbind(df, list(

"k" = k,

"cpu time k" = cpu_time,

"CPU time [ms]" = NA,

"gap" = 0.5*sum((A %*% x - b)"2) + 1lmd*sum(abs(x)) - opt_value,
"method" = "SCA")

)

}

Plot convergence:
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library(ggplot2)
library(dplyr)
library(scales)

# Compute cumulative CPU time over iteratiomns

df <- d4df |>
group_by (method) |>
mutate("CPU time [ms]" = cumsum( cpu time k™ )/1e6) |[>
ungroup ()

# Plots

daf >

ggplot(aes(x = k, y = gap, color = method)) +

geom_line(linewidth = 1.2) +

scale_y_loglO(breaks = trans_breaks("logl0", function(x) 10°x),
labels = trans_format("logl0", math_format(10~.x))) +

ggtitle("Optimality gap vs. iterations")

Optimality gap vs. iterations
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ggplot(aes(x = “CPU time [ms]™, y = gap, color = method)) +

geom_line(linewidth = 1.2) +

scale_y_loglO(breaks = trans_breaks("logl0", function(x) 107x),
labels = trans_format("logl0", math_format(10~.x))) +

x1im(c(3, 10)) +

ggtitle("Optimality gap vs. CPU time")

Warning: Removed 87 rows containing missing values or values outside the scale range
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("geom_line() 7).

Optimality gap vs. CPU time
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Exercise B.16: ADMM for /5—¢1-norm minimization

Solve the fo—f¢1-norm minimization problem in Exercise B.12 via ADMM. Plot the convergence
vs. iterations and CPU time.

We start by reformulating the problem as

minimize 3| Az — b[|3 + X[ z[
x,z
subject to x —z =0.
The x-update, given z and the scaled dual variable wu, is the solution to
minimize || Az — bl3 + 2 |z — z + ulf;,
given by x = (ATA+ pI)f1 (ATb+ oz — u)), whereas the z-update, given x and w, is the

solution to
minimize £ |z — z +ul; + Al|z|
z

given by z = S, /, (& + u), where Sy,,(-) is the soft-thresholding operator.
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Thus, the ADMM is finally given by the iterates

Zhtl — (ATA—I—pI)_l (ATb+p(zk _uk))

Plan =Sy/p (mkﬂ—kuk) k=0,1,2,...

wht = b 4 (gh T = 2t

Convergence of ADMM for the £5—¢1-norm minimization:
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# Set up

set.seed(42)

x0 <- rnorm(n)

soft_thresholding <- function(u, 1md) sign(u)*pmax(0, abs(u) - 1md)
num_times <- 10L # to compute the cpu time

# Solve problem via ADMM

rho <- 1.0
x <- x0
zZ <- X

u <- rep(0, n)

cpu_time <- microbenchmark ({
Atb <= t(A) %*) b
AtA <= t(A) %*% A

}, unit = "microseconds", times = num_times)$time |> median()
df <- rbind(df, list(

N =0,

"cpu time k" = cpu_time,

"CPU time [ms]" = NA,
"gap" 0.5*xsum((A %*% x - b)"2) + Imd*sum(abs(x)) - opt_value,
"method" "ADMM")
)
for (k in 1:50) {
cpu_time <- microbenchmark ({
x_new <- solve(AtA + rhoxdiag(n), Atb + rho*x(z - u))
z_new <- soft_thresholding(x_new + u, 1lmd/rho)
u_new <- u + (x_new - z_new)
}, unit = "microseconds", times = num_times)$time |> median()
x <- xX_new
z <- zZ_new
u <- u_new

df <- rbind(df, list(

140 = k,
"cpu time k" = cpu_time,

"CPU time [ms]" = NA,

"gap" = 0.5*%sum((A %*) x - b)"2) + lmd*sum(abs(x)) - opt_value,
"method" = "ADMM")

)

}

Plot convergence:
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library(ggplot2)
library(dplyr)
library(scales)

# Compute cumulative CPU time over iteratiomns

df <- d4df |>
group_by (method) |>
mutate("CPU time [ms]" = cumsum( cpu time k™ )/1e6) |[>
ungroup ()

# Plots

daf >

ggplot(aes(x = k, y = gap, color = method)) +

geom_line(linewidth = 1.2) +

scale_y_loglO(breaks = trans_breaks("logl0", function(x) 10°x),
labels = trans_format("logl0", math_format(10~.x))) +

ggtitle("Optimality gap vs. iterations")

Optimality gap vs. iterations
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ggplot(aes(x = “CPU time [ms]™, y = gap, color = method)) +

geom_line(linewidth = 1.2) +

scale_y_loglO(breaks = trans_breaks("logl0", function(x) 107x),
labels = trans_format("logl0", math_format(10~.x))) +

x1im(c(3, 10)) +

ggtitle("Optimality gap vs. CPU time")

Warning: Removed 87 rows containing missing values or values outside the scale range
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